The authors investigate extraordinary electromagnetic transmission through a circular aperture surrounded by surface corrugations. An electromagnetic boundary-value problem of a circular aperture surrounded by surface corrugations in a conducting plane is solved based on the mode matching method. The eigenfunction expansion and Hankel transform are used to represent the scattered fields in terms of the discrete and continuous modes, respectively. The boundary conditions are enforced to obtain a set of simultaneous equations. The transmission coefficient and the radiated fields are represented in a fast-convergent series. Computation is performed to illustrate the behaviours of transmission and radiation against the corrugation geometries. The effects of the corrugation geometries on the extraordinary electromagnetic transmission are discussed.
Introduction
Electromagnetic scattering from a circular aperture in a conducting plane has been studied extensively for its applications in aperture coupled structures, aperture antennas and electromagnetic interference and compatibility [1] [2] [3] . It is also well-known that corrugated structures can be used to obtain hard or soft surfaces artificially [4] [5] [6] [7] . Recently, there have been substantial efforts to investigate the extraordinary optical transmission [8] [9] [10] [11] [12] [13] [14] [15] [16] and angular confinement of radiated fields [17] [18] [19] [20] associated with leaky surface-plasmon theory [21, 22] . In fact, surface plasmon (SP) modes are the special transverse magnetic (TM) surface wave in optical region which are supported along a metal surface, but spoof SP modes (SP-like modes, or designer SP) in the micro/millimeter wave regimes, which are bound electromagnetic modes mimicking the real SP modes in terms of dispersion characteristics, can be sustained even by a perfect conductor provided that its surface is periodically corrugated [23] [24] [25] [26] [27] . The enhanced and directional transmission through subwavelength apertures surrounded by corrugations has been also investigated numerically and experimentally at microwave or millimeter wave regime [28] [29] [30] [31] and can be explained by spoof SP modes and leaky waves. However, the previous analytical studies on the subwavelength hole surrounded by corrugations have considered only the fundamental mode TE 11 ; the full wave analysis including higher-order modes has not been presented. If the corrugation width increases, higher-order modes should be included in the electromagnetic analysis. In the previous studies [32, 33] , they investigated the effects of the higher-order waveguide modes or diffraction orders on the dispersion characteristics of spoof SP modes for the periodic two-dimensional square dimple array in a long wavelength limit or near the asymptotic cut-off frequency. It was shown that employing higher-order waveguide modes and diffraction orders in a mode matching method is important in their works. However, there have not been investigations dealing with the effects of higher-order waveguide modes on the enhanced or directional transmission for a non-periodic structure. Therefore it is meaningful to solve the boundary-value problem for a non-periodic structure and investigate the effects of higher-order modes on the enhanced or directional transmission. Also, the study on the effects of the corrugation widths on the extraordinary electromagnetic transmission seems to be lacking. Therefore it is of great interest to rigorously solve the electromagnetic boundary-value problem of a circular aperture surrounded by surface corrugations including higher-order modes. In this paper, we shall solve the boundary-value problem dealing with a circular aperture surrounded by surface corrugations in a conducting plane based on the mode matching method. The eigenfunction expansion and Hankel transform are used to represent the scattered fields in terms of the discrete and continuous modes, respectively. The boundary conditions are enforced to obtain a set of simultaneous equations. The transmission coefficient is represented in a fast-convergent series which is amenable to numerical analysis and the radiated field is calculated by using the surface equivalence theorem. Computation is performed to illustrate the behaviours of the transmission and radiation in terms of the corrugations geometries. Also, the effects of the corrugation widths and leaky wave on the extraordinary electromagnetic transmission are discussed in detail.
Field representations
Assume that a linearly polarised uniform plane wave impinges on a circular aperture surrounded by N u and N l finite number of corrugations on both surfaces in an infinite conducting plane, respectively, as shown in Fig. 1 . The dielectric constants of regions I, III and V are e 1 , e 3 and e 5 , respectively. The dielectric constants in the jth corrugation on the upper and lower side of the conducting plane (region II − ( j) and region IV − ( j)) are e is suppressed throughout the analysis. In region I (z > 0), the total electromagnetic field consists of the incident, reflected and scattered components. The tangential components of the incident and reflected fields are 
where
. We can transform the incident and reflected fields in the rectangular coordinates system to those in the cylindrical coordinates system as follows [34] E i,r t r, f, z = +r sin f +f cos f e
Note that (ρ, φ, z) denotes the cylindrical coordinates and J m (·) is the Bessel function of the first kind and order m. Let us represent the scattered components of region I based on the Hankel transform as [35] 
and J m ' (·) denotes differentiation with respect to the argument.
the electromagnetic fields are written as (see (11) and (12)) where n a and n b indicate the order of the TM and TE eigenmodes in the region II − ( j), respectively. Note that
, and k
respectively, using the bisection method, which is simple (12) www.ietdl.org and efficient for the find roots, and
Note that N m (·) is the Bessel function of the second kind and order m and N ′ m (·) denotes differentiation with respect to the argument. In region III ( − h < z < 0, 0 < ρ < a), the electromagnetic fields take the forms of (see (19) and (20)) where n c and n e indicate the order of the TM and TE eigenmodes in region III, respectively. Note that 
In region IV
l j , the electromagnetic fields are written as (see (25) and (26)) (26) and e (j) 2 in (13) through (16) with k
and e (j) 4 , respectively. The eigenfunction expansions similar to (11) , (12), (19) , (20) , (25) and (26) are available in [36] . In region V (z < − h), the electromagnetic fields are written as
The eigenmodes e are obtained by replacing κ 1 and e 1 in (7) through (10) with κ 5 and e 5 , respectively.
Enforcement of boundary conditions
We enforce the boundary conditions to obtain the simultaneous equations for discrete modal coefficients. The tangential electric field continuities at z = 0 and z = − h require, respectively, (see (29) and (30)
E mn e + F mn e vm 0 mJ m l
E mn e + F mn e a l
www.ietdl.org (see (34)) The continuity of the tangential magnetic field between region II − (t) and region I at z = 0 is
Applying the power orthogonality properties to (35) and conducting lengthy algebraic manipulations yields (see (36) and (37))) Similarly, the continuity of the tangential magnetic field between region I and region III at z = 0 requires
Applying the power orthogonality properties to (38) and conducting lengthy algebraic manipulations gives (see (39))
E mn e e −ik (see (40)) The continuity of the tangential magnetic field between region III and region V at z = − h is
Applying the power orthogonality properties to (41) and conducting lengthy algebraic manipulations gives (see (42) and (43)) The continuity of the tangential magnetic field between region IV − (t) and region V at z = − h is
Applying the power orthogonality properties to (45) 
Numerical results
The transmission coefficient t is defined as the ratio of the time-average power transmitted through the aperture to the time-average power incident on the aperture as follows (see (47)) To check the validity of our formulations, we plot the transmission coefficient against frequency for the N = 0 case (without corrugations) in Fig. 2 . We assume that the truncation numbers of the TM and TE modes in the regions II − ( j), III and IV − ( j) are the same as M = 3 for the azimuthal direction. However, we assume that the truncation numbers of the TM and TE modes in the regions II − ( j), III and IV − ( j) are N A , N B , N C , N E , N G and N H , respectively, for the radial direction. Note that the modal orders to achieve numerical convergence should be those of the propagating modes plus a few evanescent modes. Therefore the truncation numbers for the radial direction used 
E mn e e −ik 
E mn e e −i k in the computations is N A = N B = N C = N E = N G = 3 to achieve convergence to within 0.5%. These truncation numbers are used throughout the numerical examples unless specified otherwise. The comparison between our result (a = 8.791 mm, h = 8.791 mm) and the simulation result using CST Microwave Studio (MWS) [37] and previous analytical results [1] generally shows a good agreement. As the radius of the aperture decreases, transmission tends to occur at higher frequency because of the increase of the TE 11 mode cutoff frequency. It is also seen that the transmission occurs at a slightly lower frequency as the thickness of the aperture decreases. This is because the propagating loss of the evanescent mode becomes larger when the aperture becomes thicker. The attenuation term in the evanescent mode inside the circular aperture is e −αh
. Therefore we can find that the thicker aperture (large h) has a larger propagation loss than the thinner aperture (small h). Fig. 3 shows the transmission coefficient against frequency for the IOC (input and output surface corrugations), IC (input surface corrugations), OC (output surface corrugations) and NC (no surface corrugations) cases. In Fig. 3 , a fundamental mode in the aperture and a fundamental mode and at least two higher-order modes in the corrugations should be included in the modal analysis. The transmission coefficients of the IOC and the IC cases are enhanced extraordinarily at around 9.5 GHz compared with the cases of OC and NC (20-fold enhancement). This is due to the leaky wave excited from the upper side of the corrugations. Note that the IC enhances the transmission extraordinarily based on two mechanisms. Firstly, each corrugation receives electromagnetic energy from the incident plane wave and excites the leaky wave. Secondly, the leaky wave squeezes the electromagnetic energy into the central circular aperture. The period of corrugation corresponds to the centre frequency of the enhanced transmission coefficients [31] . It is seen that the comparisons between our results and the simulation results using CST MWS generally show a good agreement. These simulation results using MWS of CST are obtained based on the transient solver. For the discretisation, a global number of 15 lines per wavelength and fast perfect boundary approximation (FPBA) mesh type were chosen. The final number of the mesh-cells sums up to be about 8 10 million cells and this mesh leads to a total simulation time of 129 min on a 64-bit workstation using GPU accelerations (Intel (R) Xeon(R) CPU at 2.80 GHz two hexa core 128 GB memory). Plane wave excitation is used as a source and the power flow is observed at the bottom of the circular aperture to obtain the transmission coefficient. Open boundary condition applying in all directions is imposed on the dummy vacuum box containing the structure and the perfect electric conductor (PEC) is used to describe the conducting material. Note that for the mode matching analysis, the total simulation time is about 63 min on a PC (Intel Core CPU 760 i5 at 2.80 GHz, 4.0 GB memory), implying that our method is computationally more efficient. Table 1 shows the convergence behaviour of the modal coefficients. To verify the existence of the leaky wave, we plot the ratio of the time averaged Poynting vector towards the y-axis, S av − y (x = 0 mm, Table 1 Convergence behaviours of the modal coefficients in the IOC case of Fig. 3 at f = 9.5 GHz In Fig. 4 , fundamental modes in the aperture and corrugations should be considered in the analysis. Note that the comparison between our results and the result of MWS of CST generally shows a good agreement. It is interesting to note that the time-averaged Poynting vector is almost zero in the OC case (without IC), while the time-averaged Poynting vector is non-zero in the IOC case (with IC) because of the presence of the leaky wave. It is seen that the sign of the time-averaged Poynting vector of the IOC case is negative when y > 0 and positive when y < 0. This means that the leaky wave propagates towards the circular aperture near the aperture, thereby making the enhanced transmission. Fig. 5 shows the contour plot of the transmission versus upper side corrugation width and depth for a circular aperture with five corrugations. It is interesting to note that the transmission becomes maximum when the upper side corrugation width and depth have optimum values because of maximum excitation of the leaky wave. It is of great interest to investigate the effects of higher-order modes on the enhanced transmission in detail. Fig. 6 illustrates the transmission coefficients against upper side corrugation width by considering the different numbers of modes. Note that the results of the higher-order modes agree well with the simulation results using MWS of CST. However, the results of the fundamental mode become different from the simulation results as the width increases. Therefore the higher-order modes should be included in the electromagnetic analysis as the corrugation width increases. The radiated field from a circular aperture surrounded by the corrugations can be calculated based on the surface equivalence theorem. The magnetic equivalent current density M s can be defined as
The electric vector potential can be defined as
At the observed point (r, θ, φ), the radiated fields are Fig. 7 illustrates the normalised radiation intensity at E-plane against elevation angle for the IOC, IC, OC and NC cases. In Fig. 7 , a fundamental mode in the aperture and a fundamental mode and at least two higher-order modes in the corrugations should be included in the analysis. In general, the electromagnetic wave emerging from a sub wavelength aperture is diffracted in all the directions. However, the radiation patterns of the IOC and OC cases (with OC) have the main lobe with low side lobe level (about − 13 dB) and narrow HPBW (about 7 o ) because of the excitation of the leaky wave on the output surface corrugations. Note that the OC makes the radiation pattern directional based on two mechanisms. Firstly, each output corrugation receives the electromagnetic energy from the circular aperture and excites the leaky wave propagating along the surface. Secondly, the leaky wave excites the electromagnetic fields on each corrugation and makes radiation in phase. It is also seen that the IC enhances the radiation intensity of the IOC and IC cases at about 15 dB in all the directions.
Conclusion
An electromagnetic boundary-value problem of a circular aperture surrounded by surface corrugations in a conducting plane was solved based on the mode matching method. The Hankel transform and eigenfunction expansion are used to represent the scattered fields in discrete and continuous modes. A set of simultaneous equations for the discrete modal coefficients was obtained from the boundary conditions. The transmission coefficient and the radiated fields were represented in a fast-convergent series. Computation is performed to illustrate the transmission and radiation behaviours in terms of corrugation geometry. The effects of the corrugation widths and leaky wave on the extraordinary electromagnetic transmission were discussed in detail. Our formulations are useful for designing the aperture antennas surrounded by surface corrugations.
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